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Abstract

The Quintile Share Ratio (QSR) — a primary European Laeken indicator for the in-
equality of the income distribution - is extremely sensitive to the presence of large
outliers. This is clear from the influence function of the QSR. Outliers also increase
the variability of the quintile share ratio considerably. Robust statistics has devel-
oped the tools to control the impact of outliers. However, straight-forward robus-
tification, like trimming the extreme observations, entails a bias under asymmetric
distributions. This paper presents first ideas and results which show the potential of
a bias-compensated, robust Quintile Share Ratio. We propose three different non-
parametric robust estimators for the QSR that rely on balanced and compensated
trimming and asymmetric M-estimation. The estimators are simple structured to
meet the practitioners needs. The most promising approaches will be studied in the
AMELI! project by extensive simulation with SILC data.
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1 Introduction

The Quintile Share Ratio (QSR) of disposable income is one of the leading inequality
indicators of the European Statistics on Income and Living Conditions (EU-SILC). It
is defined as the ratio of total (equivalized disposable)? income received by the top
20% of a country’s population with highest income to that reveived by the 20% of
the country’s population with the lowest income. It is therefore an inequality indi-
cator, meaning that not the level of the income is of interest — like for poverty indi-
cators — but the distribution of the income. The QSR is closely related to the well
known but more complex Gini indicator (cf. Cowell, 2003). The QSR is part of a set
of indicators which measure social cohesion across European countries and which
have been denominated the Laeken indicators due to the place where the European
Union heads of governments decided to use these indicators to monitor progress of

1 AMELI stands for "Advanced Methodology for European Laeken Indicators". The project is funded
under the European Commission’s 7th Framework Programme. EC-Project Reference: 217322,
Research area: SSH-2007-6.2-01 Improved ways of measuring both the potential for and impact of
policies. Visit: http://www.ameli.surveystatistics.net.

2 Equivalized income is defined as the household’s total disposable income divided by it’s "equival-
ized size" (modified OECD-scale), to take account of the size and composition of the household,
and is attributed to each household member including children.
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Member States in their efforts against poverty and social exclusion (European Com-
mission, 2003; Atkinson et al., 2002).

The QSR of the population is estimated based on the SILC Survey, a coordinated
household survey in the countries of the European Economic Area and in Switzer-
land.® These surveys have complex sample designs often with rotating panels. In ad-
dition complex estimation procedures are used to reduce possible bias due to non-
response. QSR-estimators, therefore, use survey weights to ensure proper estimation
of means.

The starting point for the estimation of the QSR is a sample of incomes yy,...,y,
with corresponding sample weights w;,...,w,. The cumulative distribution func-
tion (cdf) of incomes in the population is Fy(t) = ZieU w;1{y; < t}/zieU w;, where
1{A} is an indicator function for a set A. The cdf Fy(t) is estimated by the weighted
empirical distribution function Fs(t) = Z?:l w;l{y; <t}/ Z:-l:l w;. Hence, the target
parameter QSR of the population is defined as

o= Yo Vil{F;'(0.8) <y} "
Dy yilfyi < E;'(0.2)}
In the following we use the notation Qx(a) = F~!(a) (0 < a < 1) for the quantiles of
a distribution F. The calculation of the QSR of the population is a three-step proce-
dure:

1. Estimation of the 20% and the 80% quantile of the population. Thatis: Qg (0.2) =
F;'(0.2) and Qg(0.8) = F; '(0.8).*

2. Estimation of the mean or total of the lowest and highest quintile, i.e. estima-
tion of the mean (or total) of incomes between the minimal income and the
20% quantile and of the mean (or total) of incomes between the 80% quan-
tile and the maximum of incomes. The classical estimator for the (weighted)
mean is m; = Y w;yi1{y; < Qr(0.2)}/>..qw;1{y; < Qg(0.2)} and ms =
D ies Wiyil{Qr(0.8) <yi}/ .. wil{Qp(0.8) < yi}.

3. The classical QSR-estimator is the ratio of these two means®, i.e.

o my s Wiyil{Qr(0.8) < yi}
N=—= . )
my Y wiyil{y: <Qg(0.2)}

The problems involved in the estimation of the QSR are

1. Development of an estimation procedure for population means, i.e. usually the
development of sampling weights. Note that sampling weights for population
means may not be optimal for the QSR.

3 See European Commission (2003) for a detailed description of the estimation methods and editing
rules.

4 EUROSTAT additionally recommends to choose the quintiles such that persons from the same
houshold belong to the same quintile (cf. European Commission, 2003). For the sake of simplicity
of our notation we omit this distinction.

5 Note, we assumed in eq. (2) that the means over the particular income quintiles comprise the same
total weight, for the sake of simplicity. Otherwise, an adjustment term must be added.



2. Estimation of the empirical cdf Fs(¢) or, more modestly of the corresponding
quintiles. Note that there are various definitions to overcome the discreteness
of these estimators and to cope with the definition of disposable income (the
same disposable income is attributed to the persons of a household).

3. Estimation of the means m; and m;

4. Calculation of the ratio 1) = ms/m,.

From a robustness point of view the classical QSR-estimator is problematic. The
means in step 3) have a breakdown point of 0, meaning that any outlier income may
distort it to an arbitrary amount. Accordingly the influence of a single observation in
the tails of the distribution is linear and therefore unbounded. Figure 1(a) shows the
sensitivity curve of the classical QSR-estimator for the public use data set from AT-
SILC 2004 (see Statistics Austria (2007a) also for explanations on AT-SILC 2004).5 The
sensitivity curve is an empirical approximation to the influence function (cf. Ham-
pel et al., 1986), see also Figure 1(b). Obviously large negative observations increase
the QSR due to their influence on m; in the denominator of 7. One may object that
the minimal possible income is bounded below by 0. In practice this is not true but
admittedly negative income is a special problem which will not be considered here.
Large incomes have a high impact on m; resulting in a linear and unbounded in-
crease of the sensitivity curve (see Figure 1(a)).
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Figure 1: Sensitivity curve for the QSR and the Gini coefficient (using data form the public
use sample AT-SILC 2004) and the influence curve for the QSR at a theoretical distribution
(Singh-Maddala).

Thus for practical purposes the classical QSR-estimator is not to be recommended
in many situations. Itis easy to see that this non-robust behavior of the QSR-estimator

6 An extensive description of the Austrian SILC data can be found in Statistics Austria (2007b) and
Statistics Austria (2006).



1) is directly inherited from the QSR in the population . The reason for choosing
QSR as an estimand is exactly this behavior which yields a very sensitive indicator of
inequality. Unfortunately the sensitivity of the QSR-estimator not only makes it un-
reliable when outliers occur but, in addition, it may entail the QSR a very inefficient
estimator with a large variance. Nevertheless we accept this challenge to estimate a
population characteristic which inherently cannot be estimated in a robust way. The
challenge is similar to estimating a population mean: the only way to obtain a robust
estimator is to accept some bias (cf. Hampel et al., 1986). As long as there is a gain
in mean squared error due to a lower variance this small bias will still pay off even
in terms of efficiency. Robustification will particularly be adopted in step 3) of the
estimation. However, when considering the bias of the final estimator step 4) will be
important, too.

In the pertinent literature robust parametric estimation and to a less extent semi-
parametric approaches are commonly discussed, an overview is provided e.g. by
Victoria-Feser (2000) and Marazzi and Ruffieux (1999), Cowell and Victoria-Feser
(2007), respectively. On the other hand, these methods are seldom applied in prac-
tice, aside from the study of van Kerm (2007) on the robustness properties of Laeken
indicators. The robust nonparametric estimation of the mean of asymmetric distri-
butions is treated in various articles. Particularly interesting are Searls (1966), Fuller
(1991), Hulliger (1995), Cowell and Victoria-Feser (2003) and (2006).

2 Methods

We consider several methods to obtain a robustified version of the QSR-estimator.
They differ in two ways: Whether only the largest incomes are treated, i.e. whether
both shares m; and m; are treated, and how the robustness tuning constants are cho-
sen. We use cumulative means — (cf. Cowell and Victoria-Feser, 2003) — to describe
the estimators

D s wiyiliy; <Qr(a)}

Zies w;1{y; <Qp(a)}
Note that the mean of the observations between the a; and a, quantiles is Cr(a,) —
Cr(a;). Thus m; = Cg(0.2) and ms = Cg(1) — Cg(0.8). Hence, the classical QSR-
estimator can be written as

Crla)= 3)

- — CFs(]-) - CFs(OS)
Qs Cr(0.2)

We use symmetric trimming of extreme observations as a baseline comparison esti-
mator. This has been extensively studied by Cowell and Victoria-Feser (2006). The
basic idea is simple: the observations above Q,_,/» and below Q,/, are trimmed and
the shares of the (original) quintiles are estimated with the remaining observations.
We use the obvious adaptation to cope with sampling weights. The bias introduced
by removing the lowest incomes for estimating the lowest quintile share, which is
in the denominator of the QSR, and the largest observations, which act on the nu-
merator of the QSR, pull the trimmed QSR in the same direction, i.e. decrease the
estimate. Thus we can expect that this estimator rapidly builds up a large bias. We
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call this estimator TQSR in the following, for Trimming Quintile Share Ratio. Thus we
have

Cr(l1—ay,)—Cg(0.8)
Cr(0.2)— Cgla;)

where upper and lower trimming proportion are equal, i.e. a; = a,, . An adaptation
is to trim only the largest observations of the sample, i.e. to set a; = 0. This estimator
is then called one-sided TQSR.

As a first attempt to reduce the bias we propose to trim the largest observations in
the first quintile instead of the lowest observations as in TQSR. Trimming the largest
observations of the lowest quintile will have the opposite effect on the bias as trim-
ming the largest observations of the largest quintile. Thus there is hope that the bias
of this version of QSR-estimator is reduced compared with a one-sided TQSR or the
ordinary TQSR. The amount of trimming in the lowest quintile may be chosen such
that the bias of the resulting QSR-estimator vanishes. We call this bias corrected trim-
ming QSR-estimator (BQSR). To distinguish it from our next proposal we denominate
it BQSR1. Thus BQSR1 is defined as

Nrosr(ar, ay)= 5)

CFS(I — au) — CFS(08)

0 y Ay ) = . 6
Nsosri(ar, ay) Cr02—a) (6)

The choice of a,, is mostly guided by the assumption on how many outliers we have
to expect in a sample. Usually it will be very low, say @, = 0.005. The choice of ¢; is
mostly guided by the wish to reduce the bias of the BQSR1 as much as possible. In
fact, under theoretical distributions, it is possible to calculate «; as a function h(a,,)
such that the BQSR1 estimator has no bias, i.e.

f]BQSR(h(au)r au) = f] (7)

In practice choosing the right function h(a,) is equivalent to estimate the tail mass
above a, which is exactly the task of optimal robustification and therefore we will
use a rule of thumb instead to let ¢; depend on «,,.

Our second proposal leaves the estimation of the share of the lowest quintile un-
touched and aims at a bias correction directly for the share of the highest quintile
when a portion of the largest observations is trimmed. Thus we start by estimat-
ing ms by Cr(1 — a,)— Cg(0.8). We propose to approximate the bias incurred when
trimming «, observations by observing the additional bias incurred when trimming
a further proportion a, of the observations. We then apply a bias correction term
to the first estimate. The bias correction should reflect the form of Cr(1 — a,,) as
a function of a, and, therefore again, a perfect bias correction would come down
to estimating the tail distribution perfectly right. Here we test an approach where
we assume Cr(1 —a,)— Cr(0.8) = Cp(1 —2a,) B% . In other words we assume that
the trimmed mean increases exponentially when reducing the trimming proportion.
Obviously other functional forms may be reasonable. This proposal leads to

Cr(1—a,)—Cg(0.8) Cg(l—a,)—Cg(0.8)
CFS(OZ) CFS(I — 2au) — CF3(08)

The advantage of BQSR2 is that it depends on only one tuning constant a, at the
price of relying on a heavy assumption about the form of the bias.

Nsosr2(Qu) = (8)



Our third proposal is an adaptation of the Minimum Estimated Risk (MER) esti-
mators proposed in Hulliger (1995). He treats the problem of the robust estimation
of the mean of an asymmetric distribution. The basic idea is the following: We use an
M-estimator T(Fs, k) with asymmetric (Huber) y -function y(x, k) = min(x, k) with
(k > 0) to estimate the mean of the highest quintile. It is defined as the solution of

D wi 1{Qx(0.8) < y:}(y: — T, k) =0. 9)

i€S
Note, that in practice a preliminary scale estimator is used to standardize y; — T. This
is an important help in choosing a tuning constant k. We can use this M-estimator
directly if we can decide on the tuning constant k to be chosen. Alternatively we
use the following approach to determine k: We estimate the bias of T(F, k) by its
difference to ms = Cg(1)— Cg(0.8) and we estimate the sampling variance of T(Fs, k)
by V(T(Fs, k)). Next we search for a minimum of the estimated mean squared errors

r(k)= V(T(Fs, k) +(T(Fs, k) — ms)® (10)

as a function of the tuning constant k. Then the M-estimator T(Fs, ko) with the
minimizing tuning constant k, (MER-estimator) is chosen to estimate the share of
the highest quintile. We call this variant of the QSR-estimator MQSR. This estimator
does not need a tuning constant to be chosen. However, its breakdown point is 0
because the bias estimator involves the non-robust mean of the highest quintile as
the classical QSR. Hulliger (1991) and (1995) showed that the resulting estimator is
more efficient and more robust than the original estimator as long as the squared
bias does not dominate the variance.

3 Data and preliminary results

We confine ourselves to the discussion of the robustness properties (sensitivity curves),
the choice the robustness tuning constants and bias. Thus, this article does not yet
investigate the efficiency and the variance estimation of the various proposals. The
variance of the most promising estimators will be evaluated in the AMELI project by
extensive simulations with SILC data. Our analysis of the proposed estimators in the
paper at hand is based on the public use sample (PUS) of AT-SILC 2004. The PUS
data set is a simple random sample (sampling fraction 50%) from the full AT-SILC
2004 (Statistics Austria, 2007a).

It is evident from Figure 2 that the usual estimator for the QSR is not robust, in the
sense that its sensitivity curve and influence function are not bounded from above
(see also Figure 1). This formally means that a single observation, provided it is suf-
ficiently large, can drive the estimated indicator arbitrarily large. These results are
in line with the simulation results by van Kerm (2007). The simplest approach with
an intuitive appeal to prevent from an unbounded influence, is trimming, that is
the TQSR estimator. Cowell and Victoria-Feser (2003) and (2006) derived the influ-
ence function for several statistics (including the cumulative mean functionals) for
trimmed samples. Hence, one can easily show that the influence function of the
TQSR is bounded.” But the effect of trimming (either one-sided or two-sided trim-
ming) can seriously bias the estimate. This is illustrated in Table 1, where ¢; is set to

7 Assuming that the incomes are positive or at least bounded from below (what is usually the case
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Figure 2: Sensitivity curves for the MQSR (k=13.8) and the BQSR1 (a, = 0.002, a; = 0.0045)
compared to the standard QSR (data: public use sample AT-SILC 2004).

Table 1: Bias (in %) of TQSR and BQSR1 with particular choices of @; and a,,

TQSR (ay) BQSR1 (ay)

(a;) sy 0.001 0.002 0.005 0.01 0.02 0.001 0.002 0.005 0.01 0.02

0 -1v2 -318 -531 -756 -10.25 -1.72  -318 -531 -756 -10.25
0.006 -4.02 -544 -752 -972 -12.37 -0.65 -212 -428 -656 -9.30
0.010 -595 -735 -9.39 -11.55 -14.15 0.48 -1.01 -3.19 -549 -8.27
0.020 -9.15 -10.49 -12.46 -1455 -14.06 273 121 -1.02 -3.37 -6.21

0.050 -1535 -16.60 -18.44 -20.38 -22.72 11.05 940 699 445 1.38
0.100 -21.96 -23.12 -24.81 -26.60 -28.75 3292 3096 28.07 25.02 21.35

Data: public use sample AT-SILC

zero (i.e. one-sided trimmed TQSR), the relative bias (in %) increases with the choice
of a,. In case of the TQSR with trimming at both ends of the sample the bias is even
larger.

Cowell and Victoria-Feser (2006) propose to choose a trimming proportion ac-
cording to efficiency (say, 85%) of the estimator at a known parametric distribution.
Here we propose to use non-parametric estimators, BQSR1, BQSR2 or MQSR, respec-
tively. All three candiates have a bounded sensitivy curve (and influence function) —
see Figure 2 (the graph for BQSR2 is not shown) — and compensate (to some extent)
for the arising bias. For BQSR1 we give preliminary rules for the choice of the con-
stants (see Table 1). That is, if the statistician trims his data (according to an educated
guess concerning the amount of outlying observations), say by a,, =0.001 (0.1%), he

in practical applications), the influence function of the TQSR is composed of two elements: firstly
the influence function of the quintiles and secondly the influence functions of the (one-sided)
trimmed mean. Both components are bounded, ergo I F(TSQR, e) is bounded, too.



Table 2: Comparison of bias for BQSR2, (one-sided) TQSR and MQSR

trimming proportion (o)

0 0.001 0.002 0.003 0.005 0.01 0.02 0.05
BQSR?2 relative bias (in %) 0 -0.24 -134 -263 -3.03 -476 -639 -10.01
TQSR relative bias (in %) 0 -1.72 -3.18 -428 -531 -756 -10.28 -15.45
MQSR* relative bias (in %) - -1.22 -2.09 -257 -3.60 - - -

Note: * for MQSR k was chosen such, that the number of declared outliers is equivalent to the

trimming proportion of the other estimators; Data: public use sample AT-SILC
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Figure 3: Visual display of the performance (i.e. estimates of ms, variance estimates, esti-
mated risk and number of declared outliers) of MQSR. The Minimum Estimated Risk is at-
tained with ko = 13.8. (data: public use sample AT-SILC 2004).



is well advised to choose (from a rule of thumb) a; =0.01 (1%), to get a bias of 0.48%
(see Table 1). Without the adaptation (i.e. a; = 0) the bias would be about 3.5 times
higher (note that TQSR(0,a,) = BQSR1(0, &, )). With small upper trimming propor-
tions BQSR1 can compensate for the bias. For larger trimming proportions there is
no a, which compensates the bias, since a, should be considerably smaller than
0.2.

Alternatively BQSR2 allows another compensation, where the statistician has to
choose only an adequate upper trimming proportion, a,. In Table 2 we computed
the relative bias (in %) for different choices of @,. In addition the corresponding
values of the one-sided trimmed QSR (TQSR) are added as benchmark. It is evident,
that the bias of BQSR2 is substantial smaller, for small «,,. In other words, BQSR2
allows for moderatley small trimming proportions a resonable bias compensation.

An asymmetric M-estimator with a comparable tuning constant has a smaller bias
than the one-sided TQSR since it downweights the outliers less (see Table 2). The
performance of the MQSR is displayed in Figure 3.

4 Conclusions

This article does not yet investigate the efficiency and the variance estimation of the
various proposals. The purpose is to explore the potential of these estimators. There
is hope that some robustness can be gained without inducing too large bias. The
most promising proposals will be evaluated in the AMELI project by extensive simu-
lations with SILC data.
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