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Abstract

The aim of this paper is to compare the resultar@lyses based on different small
area estimation methods, including some estimaswsntly proposed. The target is
the estimation of that-risk-of-poverty rate (Head Count Ratio — HCR) and of the
mean and the quantiles of the income distributidhg&se measures can be considered
as a starting point for more in deep analyses, siscthe estimation of the income
cumulative distribution function.

To compute the poverty indicators at the small demeel, we consider several
different methods, which can be grouped into twanneategories: parametric and
nonparametric small area estimators based on lim&eed models (Opsomer et al.,
2008); parametric and nonparametric models basedMeguantile regression
(Chambers and Tzavidis, 2006; Pratgsal., 2008). In particular, the nonparametric
extensions of the parametric models, based on igedadplines, relax the hypothesis
of a linear relationship between the variable aérest and the covariates, avoiding
bias and providing a more flexible estimation pchae.

The focus of our analyses is the application ofph&ametric and nonparametric small
area estimation methods on the same case studg, thiis comparison is still lacking
in the literature. In particular, we perform an kgadion to poverty mapping using
census data and data from the EU-SILC (EuropeanrnBtatistics on Income and
Living Conditions) survey on Tuscany provinces (&b&dministrative Units 1 level).
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1. Introduction

The at-risk-of-poverty rate (Head Count Ratio — HCR) and the quantiles of the
income distribution are widely used poverty indzat Their estimation at small area
level can be performed by a variety of methods agnohich linear mixed models
estimators and M-quantile estimators have a promipesition. In fact, predictors
based on mixed linear models are nowadays the difissed methods to perform
small area estimation. They rely on the assumpafamormality and independence of
the random area effects; in addition, they arealimaodels. Avoiding the assumption
of normality, M-quantile methods offer a differeagproach to small area estimation.
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However, linearity of the effect of covariates twe guantiles of the distribution of
the study variable is still a feature of the M-quiermodels; a nhonparametric version
of these models can be able to handle possiblensamities in this relation.

The aim of this paper is twofold: firstly we comeahe results of the application
of the methods to the estimation of the HCR and migausehold income in the
provinces of Tuscany (LAU1 level); secondly we aggmh the estimation of the
guantiles of the income distribution in each praeenThe structure of the paper is as
follows. Section 2 describes the models and thenastrs. In section 3 the study
variable and the covariates are defined. Moreawer main features of the EU-SILC
sample design in the small areas of interest anitheidata from the Census of the
population in Tuscany are briefly described. Thecdssion of the results, the final
remarks and the envisioning of the future reselings conclude the paper in section
4,

2. Theory

Let x; be a known vector o auxiliary variables for each population upiin small
areai and assume that information for the variable ¢ériesty is available only on
the sample. The target is to use these data tmastivarious area specific quantities.
In our case study the focus is on (a) the mean theddistribution function of
household income in each small area (b) the peagenof households below the
poverty line (Head Count Ratio).

A popular approach for this purpose is to use migHedcts models with random
area effects to model household income. Given theafled unit level nested error
regression model (Batteseal., 1988), the Empirical Best Linear Unbiased Prexict
(EBLUP) of the mean for small aress:

FREELLP = Ni_l[zjms y, + zjﬂn 9,} (2.1)

where Y, :XJT,B+ zU,, 5 denotes then sampled units in areg r, denotes the

remaining N, —n, units in the area anf?, U are obtained by substituting an optimal
estimate of the covariance matrix of the randonectf into the best linear unbiased
estimator of 8 and the best linear unbiased predictorupfrespectively. The Mean

Squared Error (MSE) of (2.1) and its estimatesdu@ined following the results of
Kackar and Harville (1984) and Prasad and Rao (199étails and formulas can be
found in Rao (2003, Chapter 7).

Recently, Chambers and Tzavidis (2006) have deeedlagnother approach to
small area estimation based on the quantiles ofctmaitional distribution of the
variable of studyy( given the covariates (Breckling and Chambers,8)98T heg™

M-quantile Qq(x; ) of the conditional distribution of givenx satisfies:

Q,(x,:¥)=x!A,(q) (2.2)

where ¢ denotes the influence function associated withMhguantile. For specified
g and continuousy/, an estimate,@w(q )of ﬁw(q) is obtained via an iterative

weighted least squares algorithm. When (2.2) hdihds bias adjusted M-quantile
predictor ofmj is:
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where ¥, = x?,@w(é )is a linear combination of the auxiliary variabbasd é, is an

estimate of the average value of the M-quantileffaents of the units in area
(Tzavidis and Chambers, 2007). The MSE of the estim@®) can be estimated
analytically as suggested in Chambeiral. (2007).

When the functional form of the relationship betwéee response variable and the
covariates is unknown or has a complicated funatidarm, an approach based on
use of a nonparametric regression model can oif@ifeant advantages compared
with one based on a linear model. A technique ofpasametric regression modelling
is by using penalized splines or p-splines, seea€had Marx (1996). By expressing
the spline coefficients in the model as randomot$feRupperét al. (2003) show how
fitting a p-spline model is equivalent to fittingliaear mixed model. On the basis of
this property, Opsomaat al. (2008) have recently proposed a new approacmdl s
area estimation that extends the unit level nesteal regression model (Battese
al., 1988) by combining small area random effects \aif+spline regression model.
Opsomeret al. (2008) studied the theoretical properties of iean squared error
(MSE) of the small area mean estimator and propesbedotstrap estimator for it.
This performs reasonably well, but is computationahtensive and it is not
considered here.

By using penalized splines, Pratesial. (2008) have extended the M-quantile
regression to nonparametric regression, in theesémst the M-quantile regression
functions do not have to be assumed to have aircgra@aametric form, but can be left
undefined and estimated from the data. The authas &pplied the nonparametric
M-quantile regression to the small area estimatramework. Mean squared error
(MSE) estimation of M-quantile based small area meatimators relies on the
approach described in Chambetsal. (2007). A nonparametric bootstrap technique
for estimating the MSE of the biased adjusted estimaf the small area distribution
function (2.4) and its confidence interval was egd in Pratest al. (2008).

While there are many alternative estimators ofsifmall area mean, the estimators
of the distribution function have not yet been deped at small area level. A useful
starting point is the so-called Chambers and DunBiased adjusted estimator of the
small area distribution function in the presenceoofliers (Tzavidis et al., 2008a).

This is defined as:

RO =N DIy, <0+ Y Y i+ (v, -9)<t}| . 24)
iOs, jOs; kdr;
The p" quantile m, of the distribution ofy in areai can be estimated by the
solution to

[ 0)=p 25)

We can note that by substituting propeﬂjyin (2.3) one can define parametric or
nonparametric M-quantile or mixed model versionshef CD-based mean estimator
as well as corresponding estimators of the withgaauantiles ofy .

The MSE of (2.4) is under study and some prelimingasults are to appear
(Tzavidis et al., 2008Db).



3. Application

In Iltaly, the European Survey on Income and Livingn@ditions (EU-SILC) is
conducted yearly by ISTAT to produce estimates of lthieg conditions of the
population at national and regional (NUTSS3 - LAUdyéls.

The regional sample in Tuscany is based on a stitivo stage sample design: in
each province the municipalities are the primamn@ang units (PSUs), while the
households are the Secondary Sampling Units (SSI®.PSUs are divided into
strata according to their dimension in terms ofyapon size; the SSUs are selected
by means of systematic sampling in each PSU. Alimbers of each sample
household are interviewed through an individualstjoenaire, and one individual in
each household (usually, the household head) &vietved through an household
questionnaire.

Tuscany Region is a planned domain for which EU-Sésimates are published,
while the provinces are unplanned domains. These l@readministrative areas
constituted by a different number of municipalit{8JTS4 — LAUZ2 level) and whose
boundaries do not cut across the municipalitiesntedves. It is useful to note that
some Provinces — generally the smaller ones — maye hvery few sampled
municipalities; furthermore, many municipalitieg arot even included in the sample
at all (233 out of 287 municipalities had a zermpke size in the 2004 survey). Direct
estimates may therefore have large errors at pcevievel or they may not even be
computable at municipalities level, thereby reaqugrresort to small area estimation
techniques.

Data sources for the present application are tlgl Z20J-SILC survey (for then

sampled units in areg and the 2001 Population Census of Italy, withotalt of
1388260 individuals in Tuscany (for the not sardpée —n units in area).

In 2004 the EU-SILC regional sample size in Tuscaag wf 1751 households; 54
municipalities were included in the sample. The $raeas of interest are the 10
Tuscany provinces, with sample sizesranging from 70 (Province of Grosseto) to

545 (Province of Firenze). Due to the large samspe in the Province of Firenze and
to the differences characterising that territorye wonsider the Municipality of
Florence, with 178 units out of 545, as a stamh@lsmall area.

The characteristic of interegtis the household disposable income, equivalised
according to the Eurostat guidelines (European Cosians2006). We are interested
in estimating the small area meanyadnd the Head Count Ratio in the small area. In
each area, the HCR is computed both as the pegeemtiahouseholds below the
poverty line and as the percentage of individualew the poverty line (Fostet al.,
1984). The poverty line, equal to 9188,16 Euros,ospmuted as the 60% of the
median of the household equivalent income.

Log-transformation of household income has not bemrsidered at this stage of
the work, to avoid the possible bias and the carapbns of the back-transformation
on the MSE estimation of the small area estima@hanbers and Dorfman, 2003).

The following auxiliary variables are known for eaghit in the population and
have resulted significant in the models for income:

= size of the household in terms of thanber of components of the household
in the small area(integer value);

= age of the head of the househpid the small area(integer value);

= years in education of the head of the househatdthe small area (integer
value);



= working position of the head of the househqldin the small areai
(employed/unemployed in the previous week);
= tenure status of househglth the small area(owner/tenant).

The results of the application of the estimatorsdeed in section 2 are shown in
Tables 1-4. The estimators of the mean and of the Hi@fr the linear mixed model
are denoted as EBLUP, while the one under the Mwijeamodel as MQ CD. The
nonparametric versions of the previous estimatoes denoted, respectively, as
NEBLUP and as NPMQ.

Table 1. Head Count Ratio (computed as the number of iddals below the poverty
line) under all the estimators.

Province MQ CD EBLUP NPMQ NEBLUP
Massa 0,23 0,25 0,21 0,24
Lucca 0,17 0,20 0,16 0,18
Pistoia 0,12 0,15 0,12 0,15
Province of Firenze 0,13 0,15 0,12 0,14
Livorno 0,15 0,18 0,15 0,18
Pisa 0,16 0,19 0,15 0,18
Arezzo 0,11 0,14 0,10 0,14
Siena 0,12 0,14 0,12 0,14
Grosseto 0,16 0,19 0,15 0,18
Prato 0,15 0,17 0,15 0,16
Municipality of Firenze 0,13 0,15 0,13 0,16

Table 2. Mean of the equivalent household income undeEBEUP estimators.

Province EBLUP CV% NEBLUP CV%
Massa 15643,99 5,55 15678,08 2,52
Lucca 15805,37 5,50 16035,05 2,43
Pistoia 16467,34 5,16 16464,34 2,39
Province of Firenze 16326,55 3,85 16413,94 2,35
Livorno 17110,78 4,92 16874,11 2,34
Pisa 15950,31 5,18 16068,30 2,44
Arezzo 17327,64 4,71 17155,62 2,24
Siena 16660,39 511 16595,37 2,33
Grosseto 16592,89 5,65 16522,92 2,34
Prato 16963,66 4,86 16909,10 2,30
Municipality of Firenze 18138,89 4,45 17809,70 2,33

Two main results stand from the tables: firstly, thié estimators give the same
indication about the monetary poverty in the snaa#as. Massa province has the
highest percentage of poor individuals (HCR mom@ntR0% under all the models)
while Arezzo has the lowest one (HCR in the 10-1ftge under all the models).
The same conclusions follow from the HCR computeceach small area as the
number households below the poverty line (reswdtsreported here). In the next step
of the analysis the MSE of the HCR estimates will ddeo computed, using a
nonparametric bootstrap.

The estimates of the household mean income confiatntibhe Province of Massa is
one of the poorest areas, while the Province okz2setogether with the Municipality
of Firenze, is one of the richest.



Table 3. Mean of the equivalent household income undeMbguantile estimators.

Province MQ CD CV% NPMQ CV%
Massa 15374,38 8,36 15517,73 8,21
Lucca 15213,17 4,49 15607,18 4,38
Pistoia 16717,31 5,42 17046,68 5,27
Province of Firenze 16286,02 2,50 16499,26 2,43
Livorno 18297,97 10,82 18312,56 10,82
Pisa 15731,30 4,21 16001,32 4,04
Arezzo 18078,32 5,68 18212,06 5,59
Siena 16711,60 3,66 16822,36 3,61
Grosseto 17624,68 8,27 17729,03 8,07
Prato 17201,37 4,91 17231,80 4,89
Municipality of Firenze 19679,34 4,91 17231,80 4,85

A second significant conclusion is that the maiffiedences among the results are
in the variability of the estimates and in theieg@sion. As it is well known, the
EBLUP estimator tends to over-shrink the distributiof the small area estimates,
underestimating the small areas between varial{itgo, 2003). In fact, the range of
the EBLUP estimates of the mean is less wide thanahthe MQ CD estimates. For
what concerns the precision of the estimates, ttasdd and Rao (1990) method
seems to smooth the precision of the estimates @rti@nareas in the EBLUP case.
The precision of the MQ estimator has a wider ranige:percentage coefficient of
variation goes from about the 3% of the Municipabf Firenze to the 11% of the
Province of Livorno, following approximately thestlibution of the area sample
sizes.

Figure 1. Nonparametric part of the nonparametric M-quargihall area model.
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It is worth nothing that, in this estimation cortteknear models seem able to
handle the slight non-linearity in the relationsbgtween the variable of interest and
the age of the head of the household (see Figure 1)

The results obtained by NEBLUP and NPMQ are veryechuss those of their
parametric versions. Note that the coefficientsvafiations under the NEBLUP
models could be underestimated, since the Pragh&an (1990) specification of the



MSE does not take into account some sources ofbriiya Moreover, the Gaussian
assumptions of the mixed models seem not to be Rigiire 2showsthe normal
probability plots of level 1 residuals obtained fiiting a two-level mixed model to
the sample data (were level 1 are the householiieanl 2 the Provinces).

Figure 2. Normal probability plots of level 1 residuals.
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The plot denotes also the presence of outliers. életie use of a model that
relaxes these assumptions, such as an M-quantitelnvath a bounded influence
function, seems more reasonable for these data.

Figure 3 show the Chambers and Dunstan biasedtadjastimates of the small area
distribution function.

The y values for not sampled units have been predicteidguthe MQ CD
estimator. In particular we show the estimatesthie Municipality of Florence (red
solid line) and the Province of Massa (black stihés). The direct estimates of the
small area distribution function are in dasheddjrtbey are obtained simply applying
the Horvitz and Thompson estimator to thesampled units in aragSarndalet al.,
1992).

The estimation of the quantiles of the cdf allowBof@ing the behaviour of the
income distribution across the areas. The HCR optbgince of Massa is more than
20% and it comes from a cumulative distributiont ttzgidly approaches the value 1.
It is useful to note that it is always steeper thla@ analogous distribution of the
Municipality of Firenze. In particular, the amouoit people immediately after the
poverty line (in blue) is bigger under the blaclelithan under the red one.

The direct estimates (dashed lines) are consistghttie model based ones. The
red lines, solid and dashed, are closer than thekbbnes reasonably because the
sample size at each quantiles is larger in Flor¢hae in Massan=178 households
versus 126).



Figure 3. The biased adjusted estimates of the small astaldition function.
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4. Conclusions and future per spectives

The aim of this paper is to compare the resulthefgoverty indicators at the small
area level, considering several different parametnd nonparametric methods. The
mean squared error of the estimators has beeneaiglnated. The target of the
estimation are that-risk-of-poverty rate (HCR) and of the quantiles of the income
distributions.

It is useful summarizing the main results standiogn our analyses.

Firstly, all the methods give the same indicatiddowt the poverty in the small
areas. Thus, the ranking of the provinces by HCRbgnthean income is coherent.

Secondly, the methods seem to have different acguEgBLUP estimators seem
more accurate, but their precision is too homogesexross the areas. M-quantile
estimators seem to better track the differencesanision across the areas.

Thirdly, the M-quantile estimators seem to out-perf the other methods when
the data do not follow the Gaussian distributiomdeled, this technique does not
depend on strong distributional assumption andbsist against outlying area values.
Moreover the approach overcomes an important pnololesmall area estimation that
Is the impact of changing small area geographietherestimates, but this aspect has
not been explored here.

Finally, as regards the nonparametric methodkighdstimation context, linear
models seem able to handle the slight non-lineamitthe relationship between the
variable of interest and the covariates.

The work done has some limitations, which suggestctions of additional
research.

The analyzed measures of poverty can be considerehlg a starting point for
more in deep analyses. First of all, analyses shbeldone using also non-monetary
indicators in order to give a more complete pictof@overty and deprivation (Cheli
and Lemmi, 1995).



The variable of interest has a typical log-normaihasetric distribution. The log
transformation of income is a step to do in ordeernhance the fitting of the income
model and to exploit the significance of the coatas. More work has to be done on
the back-transformation to apply appropriate fosubr the mean squared errors.

Finally, the estimator of the income cumulativetrlition function is a very
useful tool to follow the behavior of the distribart of income at the small area level.
This tool should be refined studying a method toreste its mean squared error in
order to track a confidence interval around the wative distribution function line.
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